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The results of an experimental investigation of vibration field spatial correlation carried
out on two flat plate structures and on a car body shell are presented herein. The main
purpose of this investigation was to assess the validity of the theoretical spatial correlation
model presented in part I of this work [1]. Measurements of vibration acceleration were
used as a means of estimating the frequency averaged spatial correlation coefficient of these
structures under random excitation. It is observed that for cases of low modal overlap
(MQ 1) the analytical results are valid as a frequency average estimate in bands in which
at least eight to ten modes are excited at resonance. For cases of high modal overlap (M�1)
the analytical results can be used as a narrow band estimate of the spatial correlation.
Corrections proposed to account for the effects of mechanical excitation, presence of
stiffeners and curvature are shown to be valid.
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1. INTRODUCTION

An approximate representation of the spatial properties of the vibration field set up on
a flat plate under random excitation was presented in part I of this work [1]. It was shown
that such a model should be valid for the case of modally dense, lightly damped plates
under spatially uncorrelated or point random excitation. The validity of such assumption
is here tested by comparing theoretical spatial correlation coefficient results with
experimental results obtained on two flat plate structures and on a car body shell.

Stearn [2] has shown that a close approximation to a diffuse bending wave field can be
set up in a plate when more than ten modes are simultaneously excited. This was
experimentally verified by comparing the spatial correlation coefficient for an ideal diffuse
bending wave field to experimental results of spatial correlation obtained from acceleration
measurements on a flat plate. In real, bounded flat plates, an approximation to this form
of spatial correlation coefficient was experimentally observed in regions far from the edges
and far from the excitation points.

Measurements of vibration field correlation were employed by Bonilha and Fahy [3] to
assess the diffuseness of a car body shell. It was shown that in a non-uniform complicated
structure, such as a fully trimmed roof composed of a doubly-curved shallow shell and
reinforcing ribs with clamped edges, a near-perfect diffuse wave field can be set up only
when an extremely large number of modes are simultaneously excited in a frequency band.
The conclusions from references [2] and [3] indicate that the spatial correlation coefficient
result for a diffuse bending wave field is not a good approximation for the representation
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of the spatial properties of randomly excited modally dense complicated structures close
to the edges or perturbations.

It is well known that a diffuse sound field may be approximated in practice in the central
region of a reverberant enclosure, at least half a wavelength away from any boundary, at
frequencies above the Schroeder cut-off frequency, in cases of pure tone excitation [4].
When the excitation is of random nature, the diffuse sound field approximation may be
achieved in finite frequency bands below the Schroeder cut-off frequency.

Close to the boundaries or any reflecting surface large compared to the wavelength,
a sound field departs considerably from the diffuse state [5, 6]. The incident and
reflected (or scattered) wave components superimpose either constructively or
destructively, giving rise to interference patterns that are created by the reduction of
the number of waves with uncorrelated random phase which contribute to the total
pressure at a field point near the edges. In other words, waves within the incident and
reflected sets may be uncorrelated with each other, but individual waves of the
incident set are correlated with the corresponding waves of the reflected (or scattered)
set. As a result of this interference, the sound energy is not uniformly distributed over
the entire volume of a reverberant sound field. An analogous explanation applies to
justify the departure of the diffuse bending wave field case near boundaries of
reverberant bending wave fields.

The results of the work presented in reference [3] motivated the development of the
theoretical representation presented in part I of this work [1] and an experimental
procedure similar to the one employed in reference [3] was then applied to a number of
flat plate structures. The flat plate structures of which the measured forms of spatial
correlation are presented herein are (i) a 3·5 mm thick rectangular steel plate with a steel
bar attached and clamped along the four edges (Figure 1) and (ii) a rectangular aluminium
plate with free edges hung by two thin wires from a frame. Results for other structures
are presented in reference [7].

These experimental results are compared with estimates of vibration field spatial
correlation based on the theory presented in part I of this work [1]. In addition, results
from a similar experimental investigation carried on a car body shell [3] are compared with
the theoretical estimates. Modal density and structural loss factors estimates were also
made as means of assessing their modal overlap factors and the number of modes
resonating in each frequency band.

Figure 1. Sketch of rig with clamped plate and steel bar.
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Figure 2. Position of measurement lines and excitation point on clamped plate with stiffener.

2. EXPERIMENTAL PROCEDURE

The applied experimental procedure was similar for all flat plates. Each plate was
mechanically or acoustically excited by broad band random signals. These sources
produced sufficient vibrational response to guarantee a good signal-to-noise ratio; the
response levels were, in average, 30 dB higher than the background noise level. Two
accelerometers (Bruel & Kjaer Type 4374) were placed along various tracks on the plate
surface. In each set of measurements one accelerometer was held at one extreme of the
track (marked 1 in Figures 2, 16 and 22) and the other was displaced from it along the
line at equally spaced points.

The acceleration signals were acquired using a ZONIC+AND 3524 Dual Channel FFT
Analyzer and transferred to a PC-compatible microcomputer. The frequency averaged
spatial correlation coefficient (g12 (x1, x2, fc )) between the two acceleration signals was then
estimated using the following equation,

g12 (x1, x2, fc )=g
f2

f1

Re [G12 (x1, x2, f)] df>$g
f2

f1

G1 ( f ) df%
1/2

$g
f2

f1

G2 ( f ) df%
1/2

. (1)

For this purpose, the cross-power spectrum G12 (x1, x2, f ) and auto-power spectra G1 (f )
and G2 (f ) of acceleration in each pair of points were acquired in the frequency range
0–5000 Hz. These estimates were integrated in 1/3 octave bands and in bands of constant
width. The frequency separation of these spectra was 3·125 Hz (1600 lines) for all lines.
Finally, the frequency averaged estimates were plotted as a function of the
non-dimensional distance kr, where k is the bending wavenumber calculated at the band
centre frequency and r is the distance in metres between each pair of points.

A large accelerometer can considerably load thin plates such as those here investigated.
As a result lightweight accelerometers (B&K 4374, mass 0·6 grams) were chosen for this
investigation and it was estimated that they only affected the present results for frequencies
above 3000 Hz for the car roof (thickness=0·8 mm). For the other plates the mass load
of the accelerometer was negligible. In addition, it is important to mention that as the
correlation coefficient is a normalised quantity this mass load effect will be cancelled when
the experimental results are combined using equation (1).

One-third octave bands were chosen for the analysis because, in such bands, the bending
wavenumber of each resonant mode does not vary more than 6% from the assumed mean
value of the bending wavenumber (kb ) corresponding to the band centre frequency. This
can be explained by the fact that the bending wavenumber is proportional to the square
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Figure 3. Cross-section of steel bar used as a stiffener.

root of the associated frequency. So, if the square root of upper or lower frequency limits
of one-third octave bands are divided by the square root of the band centre frequency the
result is close to 6%.

The repeatability of the measurements were verified by estimating the spatial correlation
coefficient for the same pair of points ten times. In this exercise, before each set of
acceleration signals were acquired, both accelerometers were removed and re-fixed to the
plate as a way of simulating a real laboratory situation. The largest normalised standard
deviation (s/m) of the estimated correlation coefficient was 0·1. Expressions for the errors
associated with the spatial correlation coefficient estimation are used to estimate the
variance and the confidence limits of the measurements, as described in Appendix A.

3. RECTANGULAR STIFFENED PLATE WITH FOUR CLAMPED EDGES

3.1.    

The flat plate was of 3·53 mm thick aluminium. It was (weakly) clamped by hard rubber
strips along the edges set into a wooden frame which was placed on a rigid wooden
table (Figure 1). The exposed dimensions of the plate were 0·87 m×0·57 m and it was
divided, along its larger dimension, into two equal areas by a hollow steel bar having a
cross-sectional area of (25×25) mm2 and thickness of 3·16 mm (Figure 3). The steel bar
was fixed to the plate by five light screws. This permitted the easy removal of the steel bar,
enabling a comparison to be made of the vibration characteristics of the plate with and
without the stiffener. The first three natural frequencies of transverse, longitudinal and
torsional vibration of this bar are listed in Table 1: those frequencies were computed
following the expressions presented by Blevins [8]. As shown in this table, the steel bar
does not have many resonance frequencies in the frequency band of analysis.

Typical wavelengths for the plate were: 0·415 m at 200 Hz, 0·24 m at 600 Hz, 0·186 m
at 1000 Hz and 0·131 Hz at 2000 Hz. Point excitation by an electrodynamic shaker
(Ling Dynamic V101) was used to vibrate the plate. The excitation signal employed was

T 1

Natural frequencies of vibration of the steel bar

order of natural transverse vibration longitudinal torsional vibration
frequency (Hz) vibration (Hz) (Hz)

1 500·6 4489·8 2387·2
2 1379·0 8979·6 4774·4
3 2705·6 13469·0 7161·6
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Figure 4. Loss factor, modal density and modal overlap factor experimental estimates on clamped plate
(0·87 m×0·57 m×3·5 mm) without stiffener. Frequency bands of 200 Hz bandwidth. (a) Loss factor; (b) modal
density; (c) modal overlap factor; (d) dispersion curve. Key for (b): ++, experimental; ——, theoretical.

broadband random from 0–5000 Hz. The point marked ‘Point force’ in Figure 2 indicates
the position on which the force was applied. The vibrational response obtained was
sufficiently high to guarantee a good signal-to-noise ratio.

The experimental procedure employed was that described in section 2 and the tracks
used are illustrated in Figure 2. Lines 3 and 5, and lines 1 and 7 were coincident; however
results for lines 5 and 7 were carried out for the plate without the stiffener. The spacing
between the ten points used on each line was 1 cm.

The theoretical results used for the comparison with the experimental ones are derived
in part I of this work [1]: equation (30) with the dynamic edge parameters given by
expressions (B4) for a clamped edge and by expressions (B10), (B11) and (B12) for a spring
supported edge (the steel bar dynamic characteristics defined the spring rotational,
translational and coupling stiffnesses, as shown in Appendix B of part I [1]).

The loss factor and modal density of this plate were estimated via measurement of point
mobility and power injection following the procedure suggested by Clarkson as described
in references [9, 10]. As only an approximate estimate of these parameters was required,
the point mobility was obtained in just one point. Ideally, at least three measurement
points should be used in order to obtain a spatially-averaged estimate. The shaker was fed
with a broadband random signal from the FFT analyser and the accelerometer was placed
on the opposite face of the plate in line with the shaker contact point. Modal density
estimates obtained following this procedure were similar to theoretical predictions
(Figure 4).

The loss factor, modal density and modal overlap factor results obtained for the plate
with and without stiffeners are shown in Figures 4 and 5. The results presented in these
figures are for constant bands of 200 Hz and the modal overlap factor was estimated from
the relation M= h( fc )n( fc )fc [11], where fc is the band centre frequency, n( fc ) is the modal
density and h( fc ) is the loss factor. Typical estimated point mobilities for both stiffened
and non-stiffened cases are presented in Figures 6 and 7. In the loss factor estimation, only
one excitation point and ten vibration velocity measurement points were employed.
Nevertheless, the loss factor results obtained were similar to the ones reported by
Mohammed [11] for the same plate and test apparatus.
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Figure 5. Experimental results of loss factor, modal density and modal overlap factor for clamped plate with
stiffener. Constant bands of 200 Hz. (a) Loss factor; (b) modal density; (c) modal overlap factor. Key; +––+,
whole panel; ++, experimental; ——, theoretical.

The results presented in Figure 5 are for the plate with the stiffener excited at only one
point. As expected, the loss factor for the plate with the stiffener (Figure 5) is slightly higher
than that for the plate without the stiffener (Figure 4). The stiffened plate theoretical modal
density employed in the comparison was calculated as the sum of the modal density of
a flat plate with flexural vibration and of a uniform beam in flexural vibration (equation
(6.24), reference [9]).

3.2.      

The results for the spatial correlation coefficient for the plate without a stiffener are
presented in this section. Results from lines 5, 6 and 7 were used in this part of the work.

Figure 6. Real and imaginary parts of point mobility for clamped plate without stiffener: (a) real; (b)
imaginary.
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Figure 7. Real and imaginary parts of point mobility for clamped plate with stiffener: (a) real; (b) imaginary.

A common characteristic of the results from lines 5, 6 and 7 was that, above the 1000 Hz
one-third octave band, all experimental results approached the theoretical results (given
by equation (30) combined with parameters (B4) of reference [1]). Figures 8 and 9 were
included in order to illustrate this observation. As a matter of fact, it is clearly shown in
Figure 9 that in each one-third octave band above 1250 Hz, the theoretical results on line
B approach the experimental results. Reasons for this are two-fold: first, the number of
modes that have resonance frequencies inside the 1250 Hz one-third octave band was
estimated to be 14, which is higher (even if one assumes that 25% of the modes are not
excited due to shaker position) than the figure of eight modes suggested in the reference
[1] and ten as suggested by Stearn [2]. Second, from Figure 4 it is observed that above
1000 Hz the modal overlap factor is greater than unity.

Figure 8. Spatial correlation coefficient results for a clamped plate (equation (30), reference [1]) compared with
experimental results due to point mechanical excitation. Line 7, one-third octave bands. Key: ——, theory
(equation (30), reference [1]); –.–.–.–, experimental results; ++ diffuse bending wave field (equation (21),
reference [1]). (a) 315 Hz; (b) 1000 Hz; (c) 2500 Hz; (d) 4000 Hz.
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Figure 9. Spatial correlation coefficient results for a clamped plate (equation (30), reference [1]) compared with
experimental results due to point mechanical excitation. Line 6, one-third octave bands. Key: ——, theory
(equation (30), reference [1]); –.–.–.–, experimental results; ++ diffuse bending wave field (equation (21),
reference [1]). (a) 315 Hz; (b) 1250 Hz; (c) 2000 Hz; (d) 2500 Hz.

It was confirmed by modal summation results (reference [1]) that at points removed from
the edges (at least one wavelength from the edges), simply supported plate correlation
coefficient results converge to those of a diffuse bending wave field. The same verification
was carried out for points situated along line 7 of the clamped plate as, for most frequency
bands, these points were outside the one-wavelength-from-the-edges region. It is clearly
shown in Figure 8 that, above 1000 Hz, the diffuse bending wave field (equation (21) of
reference [1]) and the clamped plate theoretical results are very similar and they both
approach the experimental results. This was expected because the estimated wavelength
at 2000 Hz was 0·131 m and thus, only the inner solution of Bolotin’s edge effect method
contributes to the analytical clamped plate result. Similar results were obtained for plates
with free edges (section 4).

On the other hand, the points situated along line 6 are situated inside the
one-wavelength-from-the-edges region for most frequency bands analysed. As shown in
Figure 9, the diffuse bending wave field results for points along this line depart
considerably from experimental and theoretical (clamped plate) spatial correlation
coefficient results. This confirms what was observed in part I of this work [1] for the case
of points near the edges on simply-supported flat plates, showing the effect of the edges
in correlating the vibration field in regions one wavelength from the edges. In addition,
in view of the good agreement between theoretical (clamped plate) and experimental
results, it also shows the importance of including the outer solution of Bolotin’s dynamic
edge effect method in the theoretical derivation of results for points close to clamped edges.
Similar results were also observed for points close to free edges as shown in section 4.

As a means of checking the combined role of number of modes in the band and modal
overlap factor in the applicability of the present approach on a practical situation, the
results obtained on lines 6 and 7 were averaged in bands of 10 Hz, 40 Hz, 100 Hz and
400 Hz in regions of low and high modal overlap. Some of such results obtained at line
6 are shown in Figure 10. On the one hand, it is observed that for regions in which the
modal overlap factor is higher than unity, the frequency averaged correlation coefficients
are similar to the theoretical ones, even in a narrow band of only 10 Hz: the correlation
characteristics are rather insensitive to frequency bandwidth. On the other hand, for
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frequencies regions in which the modal overlap factor is lower than unity, the frequency
averaged correlation coefficients are extremely dependent on the width of the frequency
band. Results from other frequency bands show similar behaviour.

Stearn [12] reported that the degree of modal overlap does not influence spatial
correlation coefficient results. This is a result that is not corroborated by the present work.
With the purpose of double-checking the present observations, the frequency average was
performed in bands of 10 Hz and 600 Hz for eight frequency bands whose centre
frequencies were equally spaced. One group of frequencies was situated in a region of
modal overlap factor lower than unity and the other group of frequencies was placed in
a region of modal overlap factor higher than unity. A separation of 20 Hz was chosen for
the centre frequencies to assure that the points from the line spectra used in the averaging
process for the 10 Hz band were different in each consecutive band.

Results for the frequency region with low modal overlap are presented in Figure 11 for
points placed along line 7. The modal overlap factor in this frequency region was estimated
to be around 0·6 as shown in Figure 4. It is verified in Figure 11 that the 600 Hz result
is always close to the theoretical estimate but the 10 Hz result varies considerably between
each adjacent band. The 10 Hz frequency averaged results clearly exhibit modal behaviour,
indicating that the modes in this frequency region are not overlapping (see Figures 6 and
12). If one examines a typical frequency response function of this plate (Figure 12), three
clear resonance frequencies are observed in this frequency region: the first at around
330 Hz, the second at 400 Hz and the third at 440 Hz. This explains why the 10 Hz
frequency averaged results at centre frequencies 320 Hz and 340 Hz are so similar and at
the same time why they are so different from results at centre frequencies 400 Hz or 460 Hz.

The modal overlap factor is a measure of the ratio between average modal bandwidth
(hv) and average separation between resonance frequencies (dv=1/n(v)), where n(v) is
the modal density. Modal half-power bandwidth is defined as the difference between the
frequencies at which the mean square modal response is half its maximum value (3 dB
down). A modal overlap factor equal to or higher than unity indicates that at least three
natural modes contribute significantly to the system response in a single frequency. A high

Figure 10. Frequency averaged spatial correlation coefficients along line 6. Experimental results due to point
mechanical excitation averaged in bands of different widths: Key: ——, theory (equation (30), reference [1]);
–.–.–.–, 10 Hz band; +++ 40 Hz band; - - - -, 100 Hz band; ***, 400 Hz band. (a) 300 Hz; (b) 2300 Hz; (c)
2700 Hz; (d) 3500 Hz.
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Figure 11. Frequency averaged spatial correlation coefficients along line 7 for non-stiffened plate.
Experimental results due to point mechanical excitation averaged in bands of different widths with modal overlap
factor 3 0·6. Key: ——, theory (equation (30), reference [1]); –.–.–.–, 10 Hz band; +++ 600 Hz band.
(a) 320 Hz; (b) 340 Hz; (c) 360 Hz; (d) 380 Hz; (e) 400 Hz; (f) 420 Hz; (g) 440 Hz; (h) 460 Hz.

modal overlap also implies a smooth frequency response function in which individual
resonance frequency peaks can not be distinguished. Such smooth behaviour are
exemplified by the point mobility results above 3000 Hz presented in Figures 6
and 12.

Results for a frequency region in which the modal overlap factor is higher than unity
are presented in Figure 13 for points placed along line 6. The modal overlap factor in this
frequency region was estimated to be around 2·5. It is observed that, for frequency
averages carried out in 10 Hz bandwidths, the results did not vary strongly between each
adjacent band. Moreover, these results generally lie close to those averaged over 600 Hz
bands (with the clear exception of centre frequency 3020 Hz) and as consequence are not
far from the theoretical estimates. The small difference between the theoretical and the
experimental results observed in Figures 10 and 13 are assumed to be related to the
boundary conditions which are not perfectly clamped. It is not expected that such
agreement would be improved if more points were used in the digital discretization of the
response signals for the 10 Hz frequency-averaged results.
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3.3.         () 

This section presents the experimental results of the spatial correlation coefficient on the
clamped plate with the steel bar attached. In this investigation, only one side of the panel
was directly excited (as illustrated in Figure 2). The influence of the steel bar on the plate
vibrational field is illustrated by comparing Figures 6 and 7. The frequency response
function has changed and is now much more complex than the one for the unstiffened
plate. As a matter of convenience the stiffened plate was represented by two separate plate
subsystems. In this model the steel bar acts as a coupling element between the two sides
of the plate, reflecting and transmitting the incident energy.

Some of the results obtained for points placed along lines 3, 4 and 5 are presented in
Figure 14. The points used on these lines had similar distances to the nearest two edges
and thus the theoretical model gave the same result for the three lines. As already
explained, lines 3 and 5 were coincident, though line 5 indicates measurements made on
the plate without the stiffener and line 3 on the plate with the stiffener. Results for line
4 were for the panel with the steel bar attached. Above 1000 Hz, results for all three lines
were similar (e.g., 1250 Hz results presented in Figure 14) while below 1000 Hz those
results were quite different (e.g., 630 Hz results presented in Figure 14). As observed on
the plate without the stiffener (section 3.2), the frequency averaged experimental results
approached the theoretical ones in one-third octave bands above 1250 Hz. This is a clear
indication that, as predicted by the present theoretical model, the influence of both
clamped edges is dominant on the region in which lines 3 and 4 are situated. Moreover,
this also shows that a perturbation placed outside a region one wavelength far from the
measurement points will not affect the frequency averaged spatial correlation coefficient
associated with these points. However, for points situated in a region less than one
wavelength far from the perturbation (steel bar) the situation is quite different.

As presented in Figure 15, experimental results of the spatial correlation coefficient
obtained on the right (line 1) and left (line 2) sides of the steel bar were dissimilar. In order
to represent this situation the theoretical spatial correlation coefficients were estimated on
the basis of the two subsystems model. On the side in which the panel was directly excited,

Figure 12. Frequency response functions (velocity/force) on clamped plate without stiffeners 0–500 Hz and
from 2800–3300 Hz. Plotted as real and imaginary parts. Point mobilities: (a)–(c) 0–500 Hz; (b)–(d)
2800–3300 Hz.
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Figure 13. Frequency averaged spatial correlation coefficients along line 6 for non-stiffened plate.
Experimental results due to point mechanical excitation averaged in bands of different widths with modal overlap
factor 3 2·5. Key: ——, theory (equation (30), reference [1]); –.–.–.–, 10 Hz band; +++ 600 Hz band. (a)
2920 Hz; (b) 2940 Hz; (c) 2960 Hz; (d) 2980 Hz; (e) 3000 Hz; (f) 3020 Hz; (g) 3040 Hz; (h) 3060 Hz.

the correlation coefficients were calculated using the reflection and evanescent (reflection
side) field component coefficients (Appendix B). On the indirectly excited side the
transmission and evanescent (transmission side) field component coefficients (Appendix B)
were used for points approaching the steel bar. These wave coefficients were transformed
into Bolotin’s dynamic edge effect method parameters (reference [1]) using the equivalence
equations presented in Appendix B. Near the other boundaries, parameters for a clamped
edge were used.

In the region in which line 1 was situated the reflected and evanescent reflected field
components were dominant and the theoretical model employed was able to predict the
correlation coefficient with reasonable success on one-third octave bands above 1000 Hz.
On the other hand, transmitted and transmitted evanescent field components were more
important in the region in which line 2 was placed. Again, the theoretical model was able
to predict such results with reasonable success. Below 1000 Hz, no agreement between the
theoretical and experimental results was achieved.
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Figure 14. Frequency averaged spatial correlation coefficients on lines 3, 4 and 5, one-third octave bands.
Experimental results due to point mechanical excitation. Key: ——, theory (equation (30), reference [1]); –.–.–.–,
line 3; +++ line 4; - - - - line 5. (a) 630 Hz; (b) 1250 Hz; (c) 2000 Hz; (d) 2500 Hz.

4. RECTANGULAR FLAT PLATE WITH FOUR FREE EDGES

The aim of this part of the investigation was to check the theoretical results for boundary
conditions other than simply supported, clamped or spring supported. With the addition
of the free boundary condition all boundary conditions encountered in practice could be
covered. A free edge boundary condition is not directly relevant to practical studies of
acoustic radiation; however it can give a lower limit of sound pressure levels inside an
enclosure that can be achieved by modifying the structure boundary conditions. This type
of control has been discussed by Cheng and Nicolas [13].

Figure 15. Frequency averaged spatial correlation coefficients on lines 1 and 2, one-third octave bands. Point
mechanical excitation on side in which line 1 is placed. Line 1, key: ——, theory (equation (30), reference [1]);
–.–.–.–, experimental. Line 2, key: ***, theory (equation (30), reference [1]); - - - -, experimental. (a) 315 Hz;
(b) 1600 Hz; (c) 2000 Hz; (d) 2500 Hz.
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Figure 16. Sketch of experimental rig and lines used on free rectangular plate.

4.1.    

A flat aluminium plate of 2 mm thickness suspended by two thin wires from a steel frame
was another structure used in this experimental investigation. The plate was of rectangular
geometry with sides of 0·50 m and 0·70 m length and it had free boundary conditions all
along the edges. No damping material was placed on the plate. A sketch of the plate and
rig used are shown in Figure 16. Typical bending wavelengths for this plate were: 0·442 m
at 100 Hz, 0·167 m at 700 Hz, 0·14 m at 1000 Hz and 0·081 m at 3000 Hz. The plate was
excited with broadband random excitation from 0–5000 Hz by an electrodynamic shaker
(Ling Dynamic V101) at only one position (marked F on Figure 16).

The experimental procedure employed in this investigation is described in section 2.
Acceleration signals were acquired in pair of points situated along lines 1, 2 and 3, as
illustrated in Figure 16. The measurement points were placed along these lines in 1 cm
steps. The first point of line 1 was placed just 5 mm from the edge while the first point
of line 2 was situated 10 mm from the plate corner.

The theoretical results for the spatial correlation coefficient as described in part I [1] were
compared to the experimental results presented herein. They were obtained from numerical
integration of equation (30) of reference [1] with the parameters for free edges shown in
equations (B5) to (B7) of reference [1].

In view of the low damping of this plate the modal overlap was low within the frequency
range analysed. The estimated modal density for this plate was 0·056 modes/Hz and the
average dissipation loss factor was assumed to be around 0·001 [10]. Thus, typical values
of modal overlap factor were: 0·005 at 100 Hz, 0·03 at 600 Hz, 0·05 at 1000 Hz and 0·22
at 4000 Hz. An illustration of a typical frequency response function (point inertance at the
excitation point) is presented in Figure 17 and it is observed that most of the resonance
peaks do not overlap within 0–4000 Hz range. Therefore, the experimental results were
only expected to agree with theoretical ones for frequency bands with width greater than
200 Hz, as more than ten modes are estimated to be excited in this bandwidth.

4.2.   

Experimental results obtained on lines 1, 2 and 3 and that were averaged in one-third
octave bands agreed with theoretical results above the 800 Hz one-third octave band. This
is in accordance with the findings presented in section 3.2 as the bandwidth of the 800 Hz
one-third octave band is 183 Hz and ten modes were predicted to be excited at this
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frequency band. In addition, good agreement was also observed for lines 1 and 2 on some
frequency bands below 800 Hz.

In particular, results for line 2, as shown in Figure 18, agreed with the theory on all
frequency bands analysed and the agreement was exceptionally good above, and including,
250 Hz. Such good agreement near the corner was rather surprising as the Bolotin’s
dynamic edge effect method parameters presented in Appendix B of reference [1] were
derived assuming that only one edge is important to the edge solution and the other three
edges do not affect this solution. This is a standard assumption of Bolotin’s dynamic edge
effect method [14] and it is the type of consideration normally associated with the
derivation of reflection coefficients on flexural wave motion [15]. Nevertheless, the
agreement observed on line 2 demonstrates that the frequency averaged spatial correlation
model here presented is a valid approximation even near the corner of a structure.

All the 18 one-third octave bands analysed (80 Hz–4000 Hz) are included in Figure 18
in order to illustrate how experimental and theoretical results compare. As shown, there
is a spread between good and bad agreement in different frequency bands. In general, in
this work, when one suggests there is a good agreement between experimental and
theoretical results it is because more than fifty percent of all bands in a frequency region
present good matching between experimental and the theoretical results. Due to space
limitations, it is not practicable to include all frequency bands analysed for each of the
lines studied in the different plates used in the experimental investigation. As a result, only
four bands are chosen for each line in order to illustrate the main points discussed.

A slight disagreement between theoretical and experimental results was observed at the
one-third octave band centred on 4000 Hz, as shown in Figure 18. In this high frequency
range, the theoretical results begin to depart from the experimental ones. This happens
because the importance of the second order terms in the solution of integral (18) of
reference [1] increase with the width of the integration strip. Therefore, the analytical
approximation used for this integral is no longer strictly valid.

A selection of one-third octave band results obtained on lines 1 and 3 is presented in
Figures 19 and 20. As already mentioned, reasonable agreement with the theory has been
observed on some frequency bands below 800 Hz. This agreement was more pronounced
for points approaching the edges (line 1) and the corners (line 2) even when less than 4
modes are estimated to be excited in one frequency band (e.g., 250 Hz one-third octave

Figure 17. Frequency response function of aluminium plate with free edges. Point inertance: (a) real (b)
imaginary.
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Figure 18. Frequency averaged spatial correlation coefficients along line 2 on free rectangular plate, one-third
octave bands. Experimental results due to point mechanical excitation. Key: ——, theory (equation (30), reference
[1]); –.–.–, experimental results.

band). This is probably due to the interference of the waves near the edges. On the other
hand, for points far from the edges (in terms of wavelength) the suggestion (section 3 and
reference [1, 2]) that eight to ten modes need to be excited in a frequency band for the
validity of the present model is also applicable to the case of free edges.

Spatial correlation coefficients frequency averaged in narrow bands were not expected
to agree with theoretical results due to the vibration field low modal overlap. This was
confirmed by the computation of frequency averaged results in bands of varying width.
The only exception were results on line 2 as most of the narrow band results (10 Hz and
40 Hz) were also similar to results in wider bands (100 Hz and 400 Hz). An example of
this agreement on line 2 is presented in Figure 21 for bands with centre frequency 300 Hz.
The strong interference near the corner appears to be the explanation for this agreement.



6

1

–1
0

kr

γ 1
2 

(k
r)

0

2 4 80 4

1

–1

0

20 1 40 2

1

0

1

0

(a)

(c)

(b)

(d)

  ,  485

Figure 19. Frequency averaged spatial correlation coefficients along line 1 on free rectangular plate, one-third
octave bands. Experimental results due to point mechanical excitation. Key: ——, theory (equation (30), reference
[1]); –.–.–, experimental results. (a) 250 Hz; (b) 800 Hz; (c) 1000 Hz; (d) 2000 Hz.

On the other lines, only results that were frequency averaged in 400 Hz bandwidths
approached the theoretical results.

5. ROOF AND WINDSCREEN OF A PASSENGER CAR

In references [3, 16] results of measurements of vibration field correlation carried out
on different parts of a car body shell are reported. Such results indicate that even when
a large number of modes are excited in a frequency band a diffuse field is not necessarily

Figure 20. Frequency averaged spatial correlation coefficients along line 3 on free rectangular plate, one-third
octave bands. Experimental results due to point mechanical excitation. Key: ——, theory (equation (30), reference
[1]); –.–.–, experimental results; +++, diffuse bending wave field result (equation (21), reference [1]). (a) 250 Hz;
(b) 800 Hz; (c) 2000 Hz; (d) 3150 Hz.
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Figure 21. Frequency averaged spatial correlation coefficients along lines 1, 2, 3 on free rectangular plate.
Experimental results due to point mechanical excitation averaged in bands of different widths. Key: ——, theory
(equation (30), reference [1]); –.–.–, 10 Hz; +++, 40 Hz; - - - -, 100 Hz; ***, 400 Hz. (a) line 2, 300 Hz; (b) line
1, 1100 Hz; (c) line 3, 2100 Hz; (d) line 1, 3100 Hz.

set up in a two-dimensional plane structure. In part, the results of that investigation
motivated the development of the approach presented in part I of this work [1], as a means
of representing vibration field correlation for different boundary conditions. Thus, in what
follows, a comparison between some of those experimental results and the model suggested
in part I [1] is presented.

5.1.       

Vibration field correlation measurements, identical to the ones reported in the previous
sections, were made on the body of a Nissan Bluebird passenger car which was parked
inside a laboratory room measuring 8 m×5 m×3 m. Three sources of random excitation
were used (i) that of a reverberant sound field set up by acoustically exciting the laboratory
room with white noise; (ii) that of a sound field set up by acoustically exciting the car
interior with white noise; and (iii) that set up by mechanically exciting the car offside lateral
pillar.

Two lightweight accelerometers (Bruel & Kjaer 4374) were placed along different lines
on certain parts of the car body. Results for four lines on the roof (shown in Figure 22)
and two on the windscreen (also shown in Figure 22) are here included. Results at other
lines along the car body were also obtained and presented in reference [16]. In each set
of measurements one accelerometer was held at the beginning of the line (marked 1 in
Figure 22) and the other displaced from it along the line at eight equally spaced points.
The spacing varied with the frequency range of the measurements and for the 0–400 Hz
range the spacing was 3 cm. The acceleration signals were acquired using an HP 5420A
Signal Analyzer and transferred to a PC-compatible microcomputer, via an IEEE
interface. The one-third octave band averaged correlation coefficients were then estimated
using equation (1).

5.2.   :   

In the analysis presented in references [3] and [16] it was suggested that the roof
vibrational field approached that of a doubly-curved shell. This suggestion was based on
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the geometrical characteristics of the roof and on experimental results of correlation
coefficients, that were clearly different for two perpendicular directions in a certain
frequency region. The estimation of the ring frequencies of the equivalent doubly curved
shell model employed was not straightforward because the roof curvature varied along the
two principal directions. Inspection of the roof dynamic characteristics was employed in
this estimation. The lower ring frequency was estimated to be around 100 Hz as no
resonant modes were present in the measured roof frequency response functions [3, 16]
below this frequency. The upper ring frequency was assumed to be around 300 Hz.

From frequency response functions measured near line D (presented in reference [16])
it was observed that no mode was excited below 150 Hz and hence, the lower ring
frequency in the region where line D was placed was assumed to be 150 Hz. This was the
result of a different roof curvature near line D. The experimentally estimated roof modal
density was almost flat above 500 Hz and approached that of an equivalent flat plate of
0·8 mm thickness. The estimated modal density for the equivalent plate is 0·56 modes/Hz
[3].

In the frequency range between the lower ring frequency, and z2 times the upper ring
frequency, the bending wavenumber in a doubly curved shell depends upon the wave
direction. This was the reason used in reference [3] to explain the change of the spatial
correlation coefficient zero crossing and shape with the lines orientation. An expression
for the dispersion relationship of a doubly curved shell is presented in Appendix C. This
dispersion relationship is here employed in the estimation of the centre frequency
wavenumber for different wave directions. These wavenumbers were combined with
equation (30) of reference [1] and the parameters for clamped edges (equation (B4) of
reference [1]). Numerical integration was then used to compute the theoretical spatial
correlation coefficients on the lines lines sketched in Figure 22.

In Figures 23 and 24 results on lines A, B, C and D for 250 Hz and 315 Hz one-third
octave bands are presented. As shown, the variation of the experimental spatial correlation
coefficients with the lines orientation is quite clear and the theoretical results were able to
represent this variation. Bearing in mind that the roof curvature varied along the two
principal directions and that the edges were not clearly defined, the agreement between the

Figure 22. Position of measurement lines on (a) roof and (b) windscreen with dimensions in metres.
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Figure 23. Roof spatial correlation coefficients, 250 Hz (one-third octave band). Key: ——, theory (equation
(30), reference [1]); –.–.–, internal acoustic excitation; - - - -, external acoustic excitation; · · · ·, mechanical
excitation. (a) line A; (b) line B; (c) Line C; (d) line D.

experimental and theoretical results were considered reasonable. Above the 315 Hz
one-third octave band both theoretical and experimental results tended to approach the
results for a diffuse bending wave field. As discussed in reference [3], only at 1000 Hz
one-third octave band was the roof vibrational field considered nearly diffuse.

5.3.   :   

The other part of the car that could be idealised as a simple uniform structure was the
windscreen. Such model is a clamped flat plate of equal windscreen area and thickness.
The experimentally estimated modal density confirmed this model as a reasonable
approximation for the windscreen [3]. Theoretical values of correlation coefficient were
computed for points along lines E and H (illustrated at Figure 22) following this clamped

Figure 24. Roof spatial correlation coefficients, 315 Hz (one-third octave band). Key: ——, theory (equation
(30), reference [1]); –.–.–, internal acoustic excitation; - - - -, external acoustic excitation; · · · ·, mechanical
excitation. (a) line A; (b) line B; (c) Line C; (d) line D.



  ,  489

Figure 25. Spatial correlation coefficients on a passenger car windscreen. Internal acoustic excitation, one-third
octave bands. Key: line E: +++, theory; –.–.–.–, experiments; Line H: ***, theory; - - - -, experiments. (a)
160 Hz; (b) 200 Hz; (c) 250 Hz; (d) 315 Hz.

plate model. Typical wavelengths for the windscreen were: 0·649 m at 100 Hz, 0·458 m at
200 Hz, 0·41 m at 250 Hz and 0·365 m at 315 Hz.

Experimental results obtained at these lines are presented in Figure 25. Excitation was
that set up by acoustically exciting the car interior with white noise. The fixed
accelerometer for line E measurements was placed at the top of this line, close to the
connection with the roof, while the fixed accelerometer for line F was placed at the junction
of both lines. As shown in Figure 25, the results at both lines are quite different and in
view of the relative value of the wavelength and the distance from the edges it appears
that the evanescent waves generated at the top edge dominate the vibration field in the
region where lines E and H were placed. The theoretical results were able to represent this
influence as illustrated in Figure 25. The agreement between theoretical and experimental
results were only reasonable due to non-regular geometry and low modal density
(n( f )=0·074 modes/Hz) of the windscreen.

The theoretical representation suggested in part I of this work [1] appears to be a valid
approximation even for practical structures like a car body shell. Some of the points raised
in references [3] and [16] as reasons for the departure of the roof vibrational field from
a diffuse field state, even when a large number of natural modes are assumed to be excited,
have been proved to be valid. Wavenumber variation with wave propagation direction and
edge boundary conditions were the points incorporated in the present theoretical model.

6. CONCLUSIONS

From the results presented in this work the following conclusions can be drawn about
the theoretical model of randomly excited two-dimensional vibration fields represented in
terms of spatial correlation coefficients, as presented in part I [1]:

i. For cases of low modal overlap (MQ 1), this model is valid as a frequency-averaged
estimate in bands in which at least eight to ten modes are excited at resonance. This
conclusion agrees with similar one reached by Stearn [2, 12] in the analysis of diffuse
bending wave fields.

ii. When the modal overlap is high (Mq 1) this model can be used as a narrow band
estimate.
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iii. The validity of the present model as a broadband estimate is only limited to the
increase of importance of second order terms as the bandwidth increases.

iv. For points in a region one wavelength from the edges it was found that the
experimental results depart considerably from spatial correlation coefficients as given by
the diffuse bending wave field assumption. The model presented in part I of this work [1]
was able to reproduce with reasonable precision the distortion field created by the edges
and corners.

v. Away from the edges (distance greater than at least one wavelength), the theoretical
and experimental spatial correlation coefficient results approached that given by the diffuse
bending wave field assumption irrespective of the boundary condition. The only exception
of such agreement is for specific lines in which there is a superposition of nodal lines.

vi. When the Bolotin’s dynamic edge effect parameters (Appendix B of reference [1]) are
employed, the experimental results obtained on simply-supported, clamped and free plates
are predicted with reasonable precision using the present model.

vii. For the case of spring supported boundaries (like stiffeners), the correlation
characteristics of the vibration fields on the reflection and transmission sides are
satisfactorily predicted.

viii. Despite the fact that the theoretical results were derived using the assumption of
spatially uncorrelated random excitation, it was experimentally verified that they can be
used as an approximation for cases of mechanically excited plates.

ix. When the theoretical results are modified in order to account for changes in the
wavenumber due to curvature effects (Appendix C), the experimental results obtained on
a car roof are reasonably well predicted by the proposed model.
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APPENDIX A: ERRORS ASSOCIATED WITH THE SPATIAL CORRELATION
COEFFICIENT ESTIMATION

The variance and the confidence limits of the experimental measurements presented in
this work are estimated following the procedure suggested by Bendat and Piersol [17] and
Newland [18]. Random errors associated with statistical sampling considerations and bias
errors associated with data acquisition errors are considered. From Bendat and Piersol [17]
the normalised random error associated with the auto-spectrum estimation is

eG
r = sG /mG =1/zBe Tt 1

1
znd

, (A1)

where s is the standard deviation of the measurement of average m, nd is the number of
non-overlapping averages and Tt is the total duration of the record data. The normalised
bias error is a function of the resolution bandwidth, Be , and of the system half-power
bandwidth, Br 1 2zfd , where z is the damping ratio and fd is the damped natural frequency.
The normalised bias error for auto-spectrum measurements is given by [9]

eG
b =−1

3 0Be

Br1
2

, (A2)

and the normalised r.m.s. error is expected as

e=ze2
r + e2

b . (A3)

Since, in the present measurements, the bias errors associated with the auto-spectrum
estimation were normally much smaller than the random errors one can say that the
normalised r.m.s. error is approximately equal to the normalised random error.

Assuming the probability density function for the estimates G to be approximated by
a chi-square distribution one can obtain confidence intervals for these measurements [18].
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The number of degrees of freedom (k) of the chi-square distribution is related to the
standard deviation and measurement average by

z2/k= s/m. (A4)

By knowing the number of degrees of freedom one can obtain confidence limits from
statistical tables of percentage points of a chi-square distribution [17, 18].

The normalised random error associated with the real part of the cross-spectrum can
be obtained from expression (9.25) of reference [17]. After some mathematical
manipulation this gives

er =zGxx Gyy +(Re [Gxy ])2 − (Im [Gxy ])2/z2nd Re [Gxy ]. (A5)

Assuming the imaginary part of the cross-spectrum, Gxy , to be negligible compared to
the real part one can show that equation (A5) is equal to

er =(1/z2nd )z(1+ g2
xy )/g2

xy, (A6)

where g2
xy is the ordinary coherence function. For cases in which the coherence function

is close or equal to one, the normalised random error associated with the cross-spectrum
approaches the normalised random error associated with the auto-spectrum (equation
(A1)).

The random error associated with the spatial correlation coefficient can be derived
following the procedure outlined in section 9.2.3 of reference [17]. Assuming the
imaginary part of the cross-spectral density is negligible in comparison to the real part one
obtains

eg
r = sg /mg 1z(1− g2

xy )/g2
xy nd. (A7)

The above expression shows that when the coherence function equals unity the random
error associated with the spatial correlation coefficient is zero. Results for other values of
the coherence function are shown in Table A1. The number of non-overlapping averages
used in the correlation coefficient estimation was 50.

As shown, the number of degrees of freedom of the chi-square distribution were
reasonably high for practical values of the coherence function. In most of the experiments
performed the average value for the coherence function was in the band 1·0–0·9. In
particular, when the coherence function equals 0·7 one has that the 95% confidence limits
for the spatial correlation coefficient are given by

0·742g12 QmQ 1·296g12. (A8)

Similarly the random errors associated with the estimation of the auto-spectrum of
acceleration are defined by equation (A1). In this case, one obtains that ninety per cent
of all values of the autospectrum Gxx will lie in the band

0·779Gxx QmQ 1·243Gxx . (A9)

T A1

Random error (equation (A7)) associated with spatial correlation
coefficient estimation as a function of the ordinary coherence function

g2
xy 0·9 0·7 0·5 0·3

eg
r 0·065 0·1207 0·1732 0·2463
k 473 137 66·7 33·0
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The confidence limits presented in (A8) and (A9) show that the experimental results of
spatial correlation coefficient presented in this work have low values of random error.

APPENDIX B: DERIVATION OF REFLECTION AND TRANSMISSION COEFFICIENTS
FOR EDGES WITH GENERAL SPRING ATTACHMENT

As a means of deriving the reflection coefficients of edges supported by general spring
elements a travelling bending wave is assumed to be incident upon a plate edge. This wave
has a frequency v and a wavenumber k=v1/2(m/D)1/4, where D is the flexural rigidity and
m is the plate mass per unit area. The spring element provides translational, rotational and
coupling resistance. The respective stiffness are kzz , kuu and kzu (illustrated in Figure B1).
The motion on both sides of the plate edge is represented in wave terms as [19, 20]

z1 (t)= {Aref e−iky y +Ain eiky y +Ae1 e−my y} eikx x eivt, (B1)

z2 (t)= {At eiky y +Ae2 emyy} eikx x eivt, (B2)

where Aref is the modulus of the reflected wave, Ain represents the incident wave, At is the
amplitude of the transmitted wave, ky = k sin u, kx = k cos u, my =zk2 + k2

x , Ae1 and Ae2

are the amplitudes of the evanescent field components on the left and right sides of the
edge, respectively. The boundary conditions at y=0 are

z1 (t)= z2 (t), 1z1 /1y= 1z2 /1y,

D$13z1

1y3 + (2− n)
13z1

1y 1x2%−D$13z2

1y3 + (2− n)
13z2

1y 1x2%= kzz z1 + kzu 01z1

1y1,

−D$12z1

1y2 + n
12z1

1x2%+D$12z2

1y2 + n
12z2

1x2%= kuu 01z1

1y1+ kzu z1. (B3)

For the case in which the plate on the left side of the edge is moving, the system of
equations (B3) can be solved to determine the amplitudes of the reflected, transmitted and
evanescent field components. After some mathematical manipulation one can express the
system of equations (B3) as

Aref +Ain +Ae1 −At −Ae2 =0, −iky Aref +iky Ain − my Ae1 − iky At − my Ae2 =0,

L1 Aref +L2 Ain +L3 Ae1 +L4 At +L5 Ae2 =0,

L6 Aref +L7 Ain +L8 Ae1 +L9 At +L10 Ae2 =0, (B4)

Figure B1. Elastic wave incident on a general spring attachment (reference [20]).
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where

L1 = iDk3
y − kzz +iky kzu , L2 =−iDk3

y − kzz −iky kzu , L3 =−Dm3
y − kzz + my kzu ,

L4 = iDk3
y , L5 =−Dm3

y , L6 =Dk2
y − kzu +iky kuu , L7 =Dk2

y − kzu −iky kuu ,

L8 =−Dm2
y − kzu + my kuu , L9 =−Dk2

y , L10 =Dm2
y .

By solving this system of equations, one obtains the amplitude of the transmitted wave
as a function of the incident wave’s amplitude as

At /Ain =T=(W1 W2 −W3 W4)/(W5 W4 +W2 W6). (B5)

The amplitude of the evanescent field component on the left side of the spring element is
given by,

Ae2 /Ain=E2=[W3 (W5 W4+W2 W6)+W5 (W1 W2−W3 W4)]/W2 (W5 W4+W2 W6). (B6)

The amplitude of the evanescent field component on the right side of the spring element
is,

Ae1

Ain
=E1 =

(L1 −L2)
(L3 −L1)

−
(L4 +L1)
(L3 −L1) $(W1 W2 −W3 W4)

(W5 W4 +W2 W6)%
−

(L5 +L1)
(L3 −L1) $W3 (W5 W4 +W2 W6)+W5 (W1 W2 −W3 W4)

W2 (W5 W4 +W2 W6) %. (B7)

And finally the amplitude of the reflected wave as a function of the amplitude of the
incident wave is expressed as

Aref

Ain
=R=

(L2 −L3)
(L3 −L1)

+
(L4 +L3)
(L3 −L1) $(W1 W2 −W3 W4)

(W5 W4 +W2 W6)%
+

(L5 +L3)
(L3 −L1) $W3 (W5 W4 +W2 W6)+W5 (W1 W2 −W3 W4)

W2 (W5 W4 +W2 W6) %, (B8)

where

W1 = (L1 −L2) (iky − my )+ (L3 −L1)i2ky ,
W2 = (L6 +L10) (iky − my )− (L6 −L8) (iky + my ),

W3 = (L6 −L7) (iky − my )− (L6 −L8)i2ky ,

W4 = (L3 −L1) (iky + my )+ (L5 +L1) (iky − my ),

W5 = (L6 −L8)i2ky −(L6 +L9) (iky − my ), W6 = (L3 −L1)i2ky +(L4 +L1) (iky − my ).

The above coefficients are equivalent to the reflection and transmission coefficients
presented in Appendix A of reference [20]. Expressions for kzz , kuu , kzu for the case of a
general stiffener are presented in Appendix B of reference [1]. The coefficients here
presented can be converted in Bolotin’s dynamic edge effect method parameters (as
described in reference [1]) by using the following relations derived in reference [7]

sin kx jx =[1
2 (1+Re [RL ])]1/2, cos kx jx =[1

2 (1−Re [RL ])]1/2,

sin ky jy =[1
2 (1+Re [RB ])]1/2, cos ky jy =[1

2 (1−Re [RB ])]1/2 (B9)
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and

Cx =[1
2 Re [Ae1 /Ain ]]1/2 = [1

2 Re [=E1 =]]1/2, (B10)

where the L and B stands for the left and bottom edges. The above equations (B9) and
(B10) allows the determination of the dynamic edge effect method parameters directly from
the reflected and evanescent field component coefficients. Moreover, if the dynamic edge
effect method is to be applied in the vicinity of a edge in which only the transmitted (At )
and the transmitted evanescent (Ae2) field components exist, these equations can provide
a way of estimating the dynamic edge effect parameter for the indirectly driven side of a
system. In this case, the reflection wave coefficient (R) is substituted by the transmission
wave coefficient (T) and the evanescent reflected field component coefficient (E1) is
substituted by the evanescent transmission field component coefficient (E2) in equations
(B9) and (B10). This is the procedure used in the estimation of the theoretical results
presented in Figure 15.

APPENDIX C: DISPERSION RELATION FOR A DOUBLY CURVED THIN SHELL

An asymptotic expression for the natural frequencies of free oscillations of a doubly
curved thin shell that is valid under certain conditions has been derived by Bolotin [21]
using the dynamic edge effect method. This expression is [21]

v2 =D/rh[(k2
x + k2

y )2 + (Eh/Dr2
x ) ((k2

x X+ k2
y )2/(k2

x + k2
y )2)] (C1)

where X= rx /ry , u=arctg ky /kx , D=Eh3/(1− n2), v is the frequency of the free
oscillation of the shell, D is the cylindrical rigidity, r is the material density, h is the shell
thickness, E is the Young’s modulus, kx and ky are the wavenumbers in the x and y
directions, and rx and ry are the principal radii of curvature of the surface. The parameter
X satisfies the inequalities −1EXE 1. The ‘‘plane stress’’ ring frequencies of the shell
are defined as

fx =(1/2pry )zE/r, fy =(1/2prx )zE/r, (C2)

where one assumes that fy e fx . Expressing the wavenumbers kx and ky as a function of
the bending wavenumber k and angle u one has that [22]

v2 =D/rh[k4 + (Eh/Dr2
x ) (X cos2 u+sin2 u)2] (C3)

where kx = k cos u and ky = k sin u. The limits of applicability and the general behaviour
of equation (C3) have been discussed by Gol’denveizer [22]. The natural frequencies of free
oscillation of the shell are strongly dependent on the ring frequencies. Operating expression
(C3) mathematically one obtains an asymptotic expression for the bending wavenumber.

k4 = rh(2pf)2/D−(Eh/Dr2
x ) (X cos2 u+sin2 u)2. (C4)

The first term on the left side of the above equation corresponds to the bending
wavenumber of an equivalent flat plate while the second term is a correction due to the
shell curvature. It will only have complex solutions for fQ fx , complex and real solutions
for fx E fE fy (curve marked 2 in Figure C1) and real solutions for fe fy (curve marked
4 in Figure C1). In the frequency region fx E fQ fy , the real solutions are situated in a curve
delimited by the angles 0 and u0, where u0 is given by

u0 = 1
2 cos−1 ([2 f/fy −(X+1)]/(X−1)). (C5)
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Figure C1. Dispersion relations for a doubly curved shell of positive curvature (Xq 0) and ring frequencies
fx =100 Hz and fy =300 Hz. Key to frequency of oscillation: 2, f=150 Hz; 3, f=250 Hz; 4, f=350 Hz; 5,
f=600 Hz.

In the frequency z2 times the upper ring frequency the shell bending wavenumber
approaches that of the equivalent flat plate (curve marked 5 in Figure C1).

Equation (C4) was used to estimate the bending wavenumber of the passenger car roof
in the theoretical results presented in section 5. In this case, for frequencies situated
between the two ring frequencies, the integration in wavenumber space used in the
correlation coefficient estimation was performed between 0 and u0, where u0 is given by
equation (C5). Below the lower ring frequency no integration was performed and the
correlation coefficient was assumed to approach unity. Above the upper ring frequency
the usual limits 0 and p/2 apply. This procedure can be applied in the estimation of spatial
correlation coefficients for all curved shells. The results presented in section 5 show that
a reasonable approximation of the variation of the spatial correlation coefficient results
due to the lines orientation can be obtained when equation (C4) is employed.


